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Abstract
We investigate Measurement theory in classical mechanics in the for-
mulation of classical mechanics by Koopman and von Neumann (KvN),
which uses Hilbert space. We show a difference between classical and
quantum mechanics in the "relative interpretation" of the state of the
target of measurement and the state of the measurement device. We also
derive the uncertainty relation in classical mechanics.
1 Introduction
In order to discuss the crucial difference between quantum and classical me-
chanics, it is essential to compare the two with the same formalism. Bohm
described a quantum system in terms of classical mechanics[1], and he found
that the presence or absence of quantum potential characterizes the difference
between a quantum system and a classical system 2.
However, there is a clear difference between a comparison in the quantum
system and a comparison in the classical system. The difference is the non-
commutative nature of the operator. Unlike classical mechanics, quantum me-
chanics is described in terms of q-numbers, i.e., non-commutative physical quan-
tities. This difference is apparent in measurement theories, such as Heisenberg’s
uncertainty principle[2].
In other words, quantum mechanics is a world of q-numbers. On the other
hand, classical mechanics is a world of c-numbers, i.e., a commutative world.
Such an argument, however, is obscured by the fact that the two are in different
formalisms.
To clarify this, it is important to rewrite classical mechanics into quantum
mechanics and compare the two.
Koopman and von Neumann[3, 4], at the early stages of quantum mechan-
ics, rewrote classical system in the form of quantum mechanics using the KvN
1So.Katagiri@gmail.com
2Quantum potential is defined as follows. Rewriting ψ to ψ = R exp(iS), we obtain a
Hamilton-Jacobi-like equation,
∂S
∂t
= −
1
2m
(
∂S
∂x
)2
+ V (x)−
~
2
2m
∂2
∂x2
logR(x, t), (1.1)
where − ~
2
2m
∂2
∂x2
(logR) is called quantum potential.
equations. Later, Gozzi and Mauro studied this formalism in detail [5, 6, 8].
Here, we will refer to the quantum-theoretical description of classical mechanics
by KvN equations as KvN formalism. Sudarshan discussed the KvN formalism
as a model of quantum-classical interaction[9].
In the KvN formalism, classical mechanics is described using non-commutative
operators, as in quantum mechanics. There, classical mechanics is given by new
variables that are non-commutative with respect to position and momentum,
and time evolution is performed by unitary operators consisting of position and
momentum and these new variables.
If the new variable introduced is not included in the Hamiltonian, this for-
malism is equivalent to classical mechanics. Under such an operator formalism,
the difference between classical mechanics and quantum mechanics is not in the
non-commutative nature of the operators, but in the form of the commutations
relations.
To summarize, the normal case can be illustrated by
QM CM
q-numbers c-numbers
(1.2)
but in Bohm’s argument it is
QM(Bohm) CM
c-numbers c-numbers
(1.3)
and it is
QM CM(KvN)
q-numbers q-numbers
(1.4)
in KvN formalism.
In this paper, we apply quantum measurement theory, which was originally
formulated for quantum systems, to classical systems and investigate how we
describe measurements of classical systems. We show a difference between clas-
sical and quantum mechanics in the "relative interpretation" of the state of the
target of measurement and the state of the measurement device.
Next, we derive the uncertainty relation in classical mechanics. Until now,
measurement in classical mechanics has not been considered enough 3. Jens,
Wilkens, and Lewenstein found that the formalism of quantum mechanics is
useful to other than quantum mechanics[10]. It makes us expect the KvN for-
malism has a new meaning and application in classical mechanics.
The structure of this paper is as follows. First, we review the KvN formalism
in Section 2. Next, we extend the KvN formalism to quantum mechanics and
3 Classical measurement theory has been studied in part as classical information theory,
and the main result is known as Shannon’s coding theorem. This extension to quantum me-
chanics is still studied[22][23][24][25][26], and reinterpreting Shannon’s coding theory in terms
of the KvN formalism is essential in comparing quantum information theory with classical
information theory.
2
show that this is equivalent to quantum theory. After reviewing the observation
problem using the von Neumann model in Section 4, we discuss in Section 5
the measurement theory in classical mechanics. In Section 6, we construct the
classical mechanics’ version of uncertainty relation. The last chapter will give a
summary and discussion.
The appendices include the following. In Appendix A, we comment that
the KvN formalism for free particles can be regarded as a von Neumann model.
Next, in Appendix B, we discuss the von Neumann model in a formalism that
extends the KvN formalism to quantum mechanics, which is discussed in Section
3. In Appendix C, we introduce the Kraus operator. In Appendix D, we discuss
the case where the initial condition is the only known probability. In Appendix
E, we comment on the Planck operator. In Appendix F, we describe in detail
the evolution of time in the von Neumann model.
2 The KvN formalism
This section briefly introduces the KvN formalism. In quantum mechanics,
the commutation relation between the position and momentum operator of a
particle is given by,
[xˆ, pˆ] = i~. (2.1)
A state can be written |ψ〉 as an expansion using position and momentum
eigenvalue states,
|ψ〉 =
∫
dx|x〉〈x|ψ〉 =
∫
dp|p〉〈p|ψ〉. (2.2)
The time evolution of the state is described using the Hamiltonian operator
H(xˆ, pˆ) as
i~
∂
∂t
|ψ〉 = Hˆ |ψ〉. (2.3)
The wave function (probability amplitude) ψ(x) is a function of x only, and
ψ(p) is its Fourier transform. So it is not a function on the phase space.
The essence of the KvN formalism is to introduce operators πˆx, πˆp in addition
to xˆ, pˆ and require non-commutability between xˆ, pˆ and πˆx, πˆp while xˆ and pˆ are
made commutative.
[xˆ, pˆ] = [πˆx, πˆp] = 0, [xˆ, πˆx] = [pˆ, πˆp] = i. (2.4)
Since position and momentum are commutative, state |ψ〉 can be expanded
by simultaneous eigenstates of position and momentum as
|ψ〉 =
∫
dxdp|x, p〉〈x, p|ψ〉. (2.5)
3
That is, in the KvN formalism, the wave function (probability amplitude)
ψ(x, p) = 〈x, p|ψ〉 is a complex function in phase space.
It should be noted that ψ(x, p) is not a pseudo-probability like a Wigner
function [11] or a Husimi function [12], but a probability amplitude.
By the Fourier transform, |ψ〉 can be described as
|ψ〉 =
∫
dxdπp|x, πp〉〈x, πp|ψ〉 (2.6)
=
∫
dπxdp|πx, p〉〈πx, p|ψ〉 =
∫
dπxdπp|πx.πp〉〈πx, πp|ψ〉. (2.7)
In addition, the Liouvillian will be introduced in correspondence with the
Hamiltonian4
Lˆ =
∂H
∂pˆ
πˆx −
∂H
∂xˆ
πˆp. (2.8)
The KvN equation corresponding to the Schrödinger equation is introduced
as
i
∂
∂t
|ψ〉 = Lˆ|ψ〉. (2.9)
By applying 〈x, p| from the left,
i
∂
∂t
ψ(x, p, t) = i
∂H
∂p
∂ψ(x, p, t)
∂x
− i
∂H
∂x
∂ψ(x, p, t)
∂p
(2.10)
is obtained.
This form is the same as the Liouville equation, but in this case, there
is a difference in that ψ is a complex function. In the KvN formalism, as
with quantum mechanics, ψ(x, p) is regarded as the probability amplitude, and
|ψ(x, p)|2 is the probability density in the phase space.
As an example, let us consider a free particle H(x, p) = p
2
2m [5]. Using the
Liouvillian
Lˆ =
pˆ
m
πˆx, (2.11)
the KvN equation yields
i
∂
∂t
|ψ〉 =
pˆ
m
πˆx|ψ〉. (2.12)
Now applying 〈πx, p| from the left, we obtain
i
∂
∂t
〈πx, p|ψ〉 =
p
m
πx〈πx, p|ψ〉. (2.13)
Using proportionality factor A, the solution is given by
〈πx, p|ψ〉 = Ae
i p
m
πxt. (2.14)
4Note, the Hamiltonian does not depend on pˆix, pˆip.
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By the Fourier transfor for πx, we obtain
〈x, p|ψ〉 =
∫
dπxAe
i p
m
πxt−ixπxt = Aδ(x−
p
m
t). (2.15)
Here, if the initial state is |x0, p0〉, it is A = 1 and
〈x, p|ψ〉 = 〈x, p|eiLˆt|x0, p0〉 = δ(x −
p
m
t). (2.16)
This solution reproduces the linear orbit of a free particle in classical me-
chanics.
Since KvN is a rewrite of classical mechanics to quantum mechanics formal-
ism, it is natural that Hamiltonian H only include x and p. However, this does
not mean that they are two independent free particles. This can be understood
from the form of Louvillian Lˆ:
Lˆ =
∂H
∂pˆ
πˆx −
∂H
∂xˆ
πˆp.
If H contains a term like πˆx, then Lˆ will contain a term like πˆ2x. This repre-
sents fluctuations, as is often the case with operator forms in thermodynamics[7].
In quantum mechanics, this fluctuation is equivalent to adding a quantum
effect. Our argument is to discuss classical mechanics in the form of quantum
mechanics, and does not include such a term.
However, expressing the quantum effect by adding πx, πp are interesting as a
way of discussing the boundary region between classical mechanics and quantum
mechanics, and is being studied as generalized classical mechanics[8].
3 Relation to quantum mechanics
Now we consider the relationship between the KvN formalism and quantum
mechanics.
In quantum mechanics, position xˆq and momentum pˆq satisfy the canonical
commutation relation,
[xˆq , pˆq] = i~. (3.1)
The same algebra can be constructed using xˆ, πˆx, pˆ, πˆp. If we define operators
xˆ~ and pˆ~ as
xˆ~ = xˆ−
1
2
~πˆp, (3.2)
pˆ~ = pˆ+
1
2
~πˆx, (3.3)
then we obtain
[xˆ~, pˆ~] = i~. (3.4)
5
A Similar algebra is discussed in [13]5 6.
Then we obtain quantum wave functions in phase space,
i~
∂
∂t
|ψ〉 = H(xˆ+ ~
1
2
πˆp, pˆ+ ~
1
2
πˆx)|ψ〉. (3.15)
To recover the original KvN formalism, we expand the right hand side of
(3.15) in power of ~,
i
∂
∂t
|ψ〉 =
1
~
H |ψ〉+
1
2
(
−
∂H(xˆ, pˆ)
∂xˆ
πˆp +
∂H(xˆ, pˆ)
∂pˆ
πˆp
)
(3.16)
−
~
2 · 22
(
∂2H(xˆ, pˆ)
∂xˆ2
πˆ2p +
∂2H(xˆ, pˆ)
∂pˆ2
πˆ2x + 2
∂2H(xˆ, pˆ)
∂xˆ∂pˆ
πˆxπˆp
)
+ · · · .
(3.17)
Then, in the limit ~ → 0 this equation returns to the KvN formalism.
We comment state |xq〉 in quantum mechanics corrensponds to |x, πp〉, not
|x, p〉. Therefore, |x, πp〉 and |p, πx〉 in the KvN formalism have a connection
with quantum theory in spite of classical mechanics.
5These equations satisfy the Weyl relation,
Uˆ(t)Vˆ (s) = eist/~Vˆ (s)Uˆ(t), Uˆ(t)Uˆ (t′) = Uˆ(t′)Uˆ(t), Vˆ (s)Vˆ (s′) = Vˆ (s′)Vˆ (s), (3.5)
Uˆ(t) = eixˆht/~ = e(xˆ+~
1
2
pˆip)t/~, Vˆ (s) = eipˆ~s/~ = e(pˆ−~
1
2
pˆix)s/~. (3.6)
Then, from the Stone-von Neumann theorem, There exists a unitary transformation Uˆ such
that
Uˆeixˆ~t/~ = eixˆqt/~Uˆ , (3.7)
Uˆeipˆ~t/~ = eipˆqt/~Uˆ . (3.8)
Then, xˆ~, pˆ~ describe quantum mechanics exactly.
6 We also obtain
pˆix,~ = xˆ+
1
2
~pˆip, (3.9)
pˆip,~ = pˆ −
1
2
~pˆix (3.10)
and should discuss for the back reaction from these operators. However, these pˆix,~, pˆip,~
are commutative with xˆ~, pˆ~ .
[xˆ~, pˆix,~] = 0, (3.11)
[xˆ~, pˆip,~] = 0, (3.12)
[pˆ~, pˆix,~] = 0, (3.13)
[pˆ~, pˆip,~] = 0. (3.14)
Therefore, it is understood that the back reaction from pˆix,~, pˆip,~ does not need to be
considered.
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4 The von Neumann model as a Measurement
theory of quantum mechanics
4.1 The von Neumann model
In this section, we introduce the von Neumann model as a simple example of
the measurement model[14].
The system consists of a measurement target and a measurement device,
and the corresponding physical quantities {xˆ, pˆ}, {Xˆ, Pˆ} satisfy the canonical
commutation relations,
[xˆ, pˆ] = i~, (4.1)
[Xˆ, Pˆ ] = i~, (4.2)
and the other commutators of xˆ, pˆ, Xˆ, Pˆ are 0.
As an interaction between the measurement target and the measurement
device, we introduce a Hamiltonian
Hˆ = xˆPˆ (4.3)
and the free Hamiltonian part is not considered for the sake of simplicity. Also,
we take t = 1.
Then, the time evolution operator is given by
Uˆ = e−ixˆPˆ . (4.4)
Taking the initial state as
|ψ〉 = |φ〉 ⊗ |η〉, (4.5)
where |φ〉 is the initial state of the measurement target and |η〉 is the initial
state of the measurement device.
The time evolution of state is expressed as
|ψafter〉 ≡ Uˆ |ψ〉 =
∫
dx|x〉〈x|φ〉 ⊗ e−ixPˆ |η〉. (4.6)
We expand |η〉 using |X〉 to obtain
|ψafter〉 =
∫
dxdX〈x|φ〉〈X − x|η〉|x〉 ⊗ |X〉. (4.7)
Next, we perform a projective measurement on the measurement device.
The probability that the measurement device (or needle) obtains x0 is∫
dx |〈x|φ〉〈x − x0|η〉|
2
. (4.8)
7
If the initial state of the measurement device is |0〉X , this probability is∫
dx |〈x|φ〉〈x − x0|0〉X |
2
= |φ(x0)|
2
. (4.9)
This equation is consistent with the results of the projective measurement
of the measurement target[15].
4.2 Relative state
Because the projection hypothesis is an inherent problem in quantum mechanics,
it is conceptually difficult to consider a measurement theory that includes the
projection hypothesis in classical mechanics. Therefore, in this section, we will
introduce the relative state7.
We use the notation
|η[x]〉 ≡ e−ixPˆ |η〉. (4.10)
Then (4.6) is rewriten as
|ψafter〉 =
∫
dx〈x|φ〉|x〉 ⊗ |η[x]〉. (4.11)
|x〉⊗|η[x]〉 is called relative state. In relative state interpretation, |x〉⊗|η[x]〉
is interpreted as the measurement device observing its position as x 8.
On the other hand, |ψafter〉 can be expanded as follows,
|ψafter〉 =
∫
dP 〈P |η〉|φ[P ]〉 ⊗ |P 〉. (4.12)
This is different from the previous one, and it can be interpreted that the
measurement target observed the momentum of the measurement device as P .
Note that these two propositions do not hold in relative state at the same
time.
In contrast, these two propositions will hold in relative state at the same
time in measurement theory in classical mechanics.
5 Measurement theory in classical mechanics
In this section, we discuss measurement theory in classical mechanics using the
KvN formalism and the von Neumann model.
As in the previous section, the system consists of a measurement target and
a measurement device, and the corresponding physical quantities {xˆ, pˆ, πˆx, πˆp},
{Xˆ, Pˆ , πˆX , πˆP } satisfy the canonical commutation relations,
[xˆ, pˆ] = 0, [xˆ, πˆx] = i, [pˆ, πˆp] = i, (5.1)
7This state is discussed by Everett [16].
8In our discussion, we do not consider decoherence [17] because we do not adopt the many-
worlds interpretation.
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[Xˆ, Pˆ ] = 0, [Xˆ, πˆX ] = i, [Pˆ , πˆP ] = i. (5.2)
Note that the dimension of πˆx and πˆp is [x−1] and [p−1].
From the von Neumann model’s Hamiltonian Hˆ = xˆPˆ , we obtain the Liou-
villian
Lˆ =
∂Hˆ
∂pˆ
πˆx −
∂Hˆ
∂xˆ
πˆp +
∂Hˆ
∂Pˆ
πˆX −
∂Hˆ
∂Xˆ
πˆP (5.3)
= Pˆ πˆp − xˆπˆX (5.4)
Then, the time evolution operator is given by 9
Uˆ = e−i(Pˆ πˆp−xˆπˆX). (5.5)
As with quantum mechanics, the time evolution of state is obtained as
|ψafter〉 = e
−i(Pˆ πˆp−xˆπˆX)|φ〉 ⊗ |η〉 (5.6)
=
∫
dx dP |φ(p→ p− P )〉 ⊗ |η(X → X + x)〉 (5.7)
=
∫
dp dx dX dPφ(x, p)η(X,P )|x, p[−P ]〉 ⊗ |X [x], P 〉 (5.8)
where
|φ(p→ p− P )〉 ≡
∫
dpφ(x, p)|x, p[−P ]〉, (5.9)
|η(X → X + x)〉 ≡
∫
dXη(X,P )|X [x], P 〉. (5.10)
The important difference from quantum mechanics is that in relative state
interpretation, two propositions
1. the measurement device observed the position of the measurement target
as x,
2. the measurement target observed the momentum of the measurement de-
vice as P ,
hold in relative state at the same time.10 11
9 The time evolution is set to t = 1, but the situation is the same for Neumann’s measure-
ment model in quantum theory. See Appendix F for details of this model.
10As a more modern approach, we discuss the Kraus operator in classical mechanics is
discussed in Appendix C. It has not been discussed in KvN formalism until now.
11 In classical mechanics, the Hamiltonian H of the von Neumann model is
H = xP, (5.11)
which definitely has a non-trivial interaction between x and P . Therefore, the measurement
9
6 Uncertainty relations in classical mechanics
6.1 Uncertainty relation in classical mechanics with xˆ and
pˆ
Here, we investigate the relationship between error and disturbance. The Ozawa’s
inequality is a relational expression for error and disturbance [18]. We discuss
how we can obtain the Ozawa’s inequality in classical mechanics.
We introduce error operator Nˆ(t) = Xˆ(t) − xˆ and disturbance operator
Dˆ(t) = pˆ(t)− pˆ.
The error ǫ and disturbance η are defined by
ǫ =
√
〈Nˆ2〉 ≥ σ(Nˆ), (6.1)
η =
√
〈Dˆ2〉 ≥ σ(Dˆ), (6.2)
where σ2(Aˆ) ≡ 〈Aˆ2〉 − 〈Aˆ〉2. Using Kennard-Robertson uncertainty relations
[19, 20]
σ(Nˆ)σ(Dˆ) ≥
1
2
〈[Nˆ , Dˆ]〉, (6.3)
we get
ǫη ≥
1
2
〈[Nˆ , Dˆ]〉. (6.4)
Next, [Nˆ(t), Dˆ(t)] is calculated as
[Nˆ(t), Dˆ(t)] = [Xˆ(t), pˆ(t)]− [Xˆ(t), pˆ]− [xˆ, pˆ(t)] + [xˆ, pˆ]. (6.5)
Under the reasonable assumption [Xˆ(t), pˆ(t)] = 0, this equation yields
〈[Nˆ , Dˆ]〉+ 〈[Xˆ(t), pˆ] + [xˆ, pˆ(t)]〉 = 〈[xˆ, pˆ]〉. (6.6)
Since xˆ and pˆ commute in classical mechanics, we get
〈[Nˆ , Dˆ]〉+ 〈[Xˆ(t), pˆ]〉+ 〈[xˆ, pˆ(t)]〉 = 0 (6.7)
and its time differentiation
d
dt
〈[Nˆ , Dˆ]〉+ 〈[X˙(t), pˆ]〉+ 〈[xˆ, ˙ˆp(t)]〉 = 0. (6.8)
Because the Liouvillian is given by
target and the measurement device have a certain interaction with each other. If it uses
quantum mechanical formalism, the Liouvillian Lˆ of the von Neumann model is
Lˆ = Pˆ pˆip − xˆpˆiX , (5.12)
as if there is no interaction between xˆ and Pˆ , and as a result, simultaneous observation is
possible. This is a non-trivial result specific to the KvN formalism.
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Lˆ =
∂Hˆ
∂pˆ
πˆx −
∂Hˆ
∂xˆ
πˆp +
∂Hˆ
∂Pˆ
πˆX −
∂Hˆ
∂Xˆ
πˆP , (6.9)
we get
〈[
˙ˆ
X(t), pˆ]〉+ 〈[xˆ, ˙ˆp(t)]〉 = 0. (6.10)
After all, we get
〈[Nˆ , pˆ]〉+ 〈[xˆ, Dˆ]〉 = −C, (6.11)
〈[Nˆ , Dˆ]〉 = C (6.12)
where C is some time-invariant constant. Then, for t = 0,
〈[Nˆ(0), Dˆ(0)]〉 = 0 = C. (6.13)
Then we obtain
〈[Nˆ , pˆ]〉 = 〈[Dˆ, xˆ]〉, 〈[Nˆ , Dˆ]〉 = 0. (6.14)
Note that
ǫη ≥ 0, ǫσ(pˆ) + ησ(xˆ) ≥ 0 (6.15)
are trivial inequalities. Now, we discuss the condition of the equal sign.
From the Heisenberg equation for Lˆ = Pˆ πˆp − xˆπˆX , we obtain
dxˆ
dt
= 0,
dpˆ
dt
= −Pˆ , (6.16)
dXˆ
dt
= xˆ,
dPˆ
dt
= 0, (6.17)
dπˆx
dt
= πˆX ,
dπˆp
dt
= 0, (6.18)
dπˆX
dt
= 0,
dπˆP
dt
= −πˆp. (6.19)
Therefore, with the initial condition of xˆ(0) = xˆ0, pˆ(0) = pˆ0, πˆx(0) =
πˆx0, πˆp(0) = πˆp0, Xˆ(0) = Xˆ0, Pˆ (0) = Pˆ0, πˆX(0) = πˆX0, πˆP (0) = πˆP0, we
obtain
xˆ(t) = xˆ0, pˆ(t) = pˆ0 − tPˆ0, (6.20)
Xˆ(t) = Xˆ0 + txˆ0, Pˆ (t) = Pˆ0, (6.21)
πˆx(t) = πˆx0 + tπˆX0, πˆp(t) = πˆp0, (6.22)
11
πˆX(t) = πˆX0, πˆP (t) = πˆP0 − tπˆp0. (6.23)
Using these results, Nˆ and Dˆ are expressed as
Nˆ(t) = Xˆ0 + (t− 1)xˆ0, (6.24)
Dˆ(t) = −tPˆ0. (6.25)
These equations are the same as the result obtained by the von Neumann
model of quantum mechanics.
Then,
〈x, p,X, P |Nˆ(t)|x, p,X, P 〉 = X + (t− 1)x, (6.26)
〈x, p,X, P |Dˆ(t)|x, p,X, P 〉 = −tP. (6.27)
Therefore the unbiased condition is given by
X = (1− t)x, P = 0. (6.28)
Under this condition,
〈x, p,X, P |Nˆ(t)2|x, p,X, P 〉 = (X + (t− 1)x)2 = 0, (6.29)
〈x, p,X, P |Dˆ(t)2|x, p,X, P 〉 = t2P 2 = 0. (6.30)
Then, in this condition, we get
ǫ = η = 0, (6.31)
σ(p) = σ(x) = 0. (6.32)
If the unbiased condition is not satisfied, we get at t = 1,
ǫ = X, η = P. (6.33)
It represents the initial calibration of the device. In such a case, X = 0 or
P = 0 is the condition of the equal sign of (6.15).
The case where the initial condition is the only known probability is discussed
in Appendix D.
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6.2 Uncertainty relationsin classical mechanics with pˆix and
pˆip
We clarify the role of πˆx and πˆp in classical mechanics. Although πˆx and πˆp
are hidden variables in classical mechanics, they can be expressed as physical
quantities by combining quantum mechanics and classical mechanics.
As confirmed in Section 3, πˆx and πˆp are described by
πˆx = −
2
~
(pˆ~ − pˆ), (6.34)
πˆp =
2
~
(xˆ~ − xˆ). (6.35)
In these relational expressions, we can determine πˆx and πˆp by using both
classical and quantum observables 12.
Therefore, in addition to the usual disturbance Dˆ, we should consider an-
other disturbance,
Dˆπx(t) = πˆx(t)− πˆx (6.36)
By a similar argument such as
[Nˆ(t), Dˆπx(t)] = [Xˆ(t), πˆx(t)]− [Xˆ(t), πˆx]− [xˆ, πˆx(t)] + [xˆ, πˆx], (6.37)
using Kennard-Robertson uncertainty relations, non-commutativity of xˆ and πˆx
gives an Ozawa-like inequality
ǫηπx + ǫσ(πˆx) + σ(xˆ)ηπx ≥
1
2
, (6.38)
where ηπx =
√
〈Dˆπx〉. Since the Planck constant does not appear in this in-
equality, it holds even in the classical mechanical limit.
7 Discussion
We constructed the measurement theory of classical mechanics.
In contrast to quantum mechanics, we have found two propositions hold in
relative state at the same time.
1. The measurement device observed the position of the measurement target
as x.
2. The measurement target observed the momentum of the measurement
device as P .
12 Note that these equations can also be regarded as differentiation by Planck’s constant.
This helps us understand the relationship between KvN formalism and quantum theory by
treating the derivative of Planck’s constant as an operator. See Appendix E.
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This difference in simultaneity corresponds to the result of the discussion of un-
certainty relations, and Ozawa’s inequality becomes trivial in classical mechan-
ics. If the initial state is not well known, we can obtain a relational expression
about the error and the disturbance in the von Neumann model.
We extended the KvN formalism to quantum theory and determined πˆx and
πˆp using both classical and quantum observables. Then, we also introduced an-
other disturbance on πˆx and obtained an Ozawa-like uncertainty relation. Since
this relation is independent of Planck’s constant, it holds in classical mechanics.
Treating πx and πp as observables is known as generalized classical mechanics[8].
In this case, the Louvillian becomes an observable, and its eigenvalues are closely
related the conditions in ergodic theory[27]. As already mentioned, πx and πp
are closely related to the effect of quantum fluctuation. This uncertainty re-
lation may be significant in the theory of intermediate scale between classical
theory and quantum theory.
The application of these relational expressions to behavioral economics in
recent years is astonishing. Through these applications, the role of phase in
classical mechanics may be newly understood.
As an application of measurement theory in classical mechanics, it is pos-
sible to analytically formulate thought experiments in classical mechanics such
as Maxwell’s demon and Einstein’s optical clock[21]. Although many have dis-
cussed these in the past, our study can contribute to the conceptual discussion
of science. Further research will reveal them.
Appendix A. Measurement interpretation of clas-
sical mechanics
We comment that the KvN formalism for a free particle can be regarded as a
von Neumann model.
In such a case, the Liouvillian is give by
Lˆ = −
pˆ
m
πˆx. (7.1)
If we regard |p, x〉 as a composite of the measurement target |p〉 and the
measurement device |x〉, the time evolution of the free particle
e−i
pˆ
m
πˆxt|p〉|x〉 = |p〉|x+
p
m
t〉 (7.2)
can be regarded as the obseravation of position x by momentum p.
Note that the disturbance in this case is Dˆπˆp = πˆp(t) − πˆp. Dˆπˆp is defined
in Section 6.
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Appendix B. Measurement theory in the extended
KvN formalism
We discuss the von Neumann model in a formalism that extends the KvN for-
malism to quantum mechanics, which is discussed in Section 3.
The Hamiltonian of the von Neumann model is
Hˆ = xˆ~Pˆ~ = (xˆ+
~
2
πˆp)(Pˆ −
~
2
πˆX) = xˆPˆ +
~
2
(πˆpPˆ − xˆπˆX)−
~
2
4
πˆpπˆX . (7.3)
We take |x, πp〉 ⊗ |X,P 〉 as the initial condition. We assume in this initial
condition that the measurement target is quantum, and the measurement device
is classical.
Time evolution of state is
eiHˆt/~|x, πp〉 ⊗ |X,P 〉 = e
ixPt/~+i 1
2
(πpP−xπˆX)t−
~
4
πpπˆXt|x, πp〉⊗|X,P 〉 (7.4)
= ei(x+i
1
2
πp)Pt|x, πp〉 ⊗ |X +
1
2
(x+
~
2
πp)t, P 〉 (7.5)
= eix~Pt|x, πp〉 ⊗ |X +
1
2
x~t, P 〉. (7.6)
Next, we take |x, πp〉 ⊗ |πX , P 〉 as the initial condition. We assume in this
initial condition that the measurement target is quantum, and the measurement
device is also quantum.
Time evolution of state is
eiHˆt/~|x, πp〉 ⊗ |X, πP 〉 = e
ixPˆ t/~+i 1
2
(πpPˆ−xπˆX)t−
~
4
πpπˆX t|x, πp〉 ⊗ |X, πP 〉 (7.7)
= ei(x+i
1
2
πp)Pt|x, πp〉 ⊗ |X +
1
2
(x +
~
2
πp)t|πP + (x+
1
2
~πp)/~〉
(7.8)
= eix~Pt|x, πp〉 ⊗ |X +
1
2
x~t, πP + x~/~〉. (7.9)
Note that |X + 12x~t, πP + x~/~〉 is an eigenstate of Xˆ~,
Xˆ~|X +
1
2
x~t, πP + x~/~〉 = (Xˆ +
~
2
πˆP )|X +
1
2
x~t, πP + x~/~〉. (7.10)
= x~|X +
1
2
x~t, πP + x~/~〉 (7.11)
As described above, the quantum measurement also affects the πˆP side.
Appendix C. The Kraus operator
We discuss the Kraus operator in classical mechanics, which is used in more
modern measurement theory13. It has not been discussed in KvN formalism
until now.
13Notation follows Section 5.
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The Kraus operator is obtained by integrating out the measurement device.
In quantum mechanics, a state |ψ(t)〉 is given by
|ψ(t)〉 =
∫
dX |X〉〈X |Uˆ(t)|φ〉|η〉 =
∫
dXMˆ(X, t)|φ〉|X〉, (7.12)
where
Mˆ(X, t) ≡ 〈X |Uˆ(t)|η〉 =
∫
dx〈X − x|η〉|x〉〈x|. (7.13)
Positive Operator Valued Measure (POVM) Eˆ is constructed as
Eˆ(X, t) = Mˆ †(X, t)Mˆ(X, t). (7.14)
The probability of projective measurement of the measurement device is
Pr(X) = 〈ψ(t)|X〉〈X |ψ(t)〉 = 〈ψ(t)|Eˆ(X, t)|ψ(t)〉. (7.15)
The state after measurement is
Mˆ(X, t)|φ〉|X〉. (7.16)
On the other hand, integrating out with P gives another Mˆ ,
Mˆ(P, t) ≡ 〈P |Uˆ |η〉 = e−ixˆP 〈P |η〉 (7.17)
In classical mechanics, a state |ψ(t)〉 is given by
|ψ(t)〉 =
∫
dXdP |X,P 〉〈X |Uˆ(t)|φ〉|η〉 =
∫
dXdPMˆ(X,P, t)|φ〉|X,P 〉, (7.18)
where
Mˆ(X,P, t) ≡ 〈X,P |Uˆ(t)|η〉 =
∫
dxdp〈X − x, P |η〉|x, p〉〈x, p − P |. (7.19)
In the same way,
Mˆ(X, πP , t) =
∫
dxdπp〈X + x, πP − πp|η〉|x, πp〉〈x, πp|, (7.20)
Mˆ(πX , P, t) = e
iP πˆp−ixˆπX 〈πX , P |η〉, (7.21)
Mˆ(πX , πP , t) =
∫
dxdπp〈πX , πP − πp|η〉|x, πp〉〈x+ πX .πp|. (7.22)
From the form of these expressions, Mˆ(X, t) in quantum mechanics corre-
sponds to Mˆ(X, πP , t) in classical mechanics and Mˆ(P, t) in quantum mechanics
corresponds to Mˆ(πX , P, t).
There is no counterpart to Mˆ(X,P, t), Mˆ(πX , πP , t) in quantum mechanics.
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Appendix D. The case of probability
Consider the case where the initial condition is the only known probability.
|ψ(0)〉 = |φ〉|η〉, (7.23)
〈φ, η|Nˆ |φ, η〉 =
∫
dx dp dX dP (X + (t− 1)x)|φ(x, p)|2|η(X,P )|2 (7.24)
= 〈X〉η + (t− 1)〈x〉φ, (7.25)
〈φ, η|Pˆ |φ, η〉 =
∫
dx dp dX dPtP |φ(x, p)|2|η(X,P )|2 = t〈P 〉η, (7.26)
Then, the unbiased condition is
〈X〉η = (1− t)〈x〉φ, 〈P 〉η = 0. (7.27)
Under this condition,
ǫ = η = 0, (7.28)
σ(p) = σ(x) = 0. (7.29)
If the unbiased condition is not satisfied, we get at t = 1,
ǫ = 〈X〉η, η = 〈P 〉η, (7.30)
〈X〉ησ(p) + 〈P 〉ησ(x) = 0. (7.31)
Appendix E. Planck Operator
In quantum mechanics, xˆq and pˆq are commutative rerlation,
[xˆq , pˆq] = i~. (7.32)
And time development of state is
i~
d
dt
|ψ〉 = Hˆ |ψ〉, (7.33)
where Hˆ is Hamiltonian. Usualy, the Planck constant ~ is constants. We
suggest new quantum algebra
[xˆq, pˆq] = ihˆ, (7.34)
where hˆ is operator. We call ~ˆ as “Planck Operator”.
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We introduce ~ˆ’s conjugate operator Iˆ, then,
[~ˆ, Iˆ] = i. (7.35)
We consider Planck constant as an operator because it introduces naturally
the relation between quantum mechanics and classical mechanics.
We introduce classical mechanics operators xˆ, pˆ, πˆx, πˆp , and commutative
relations,
[xˆ, pˆ] = 0, (7.36)
[xˆ, πˆx] = i, (7.37)
[pˆ, πˆp] = i. (7.38)
These constitute the KvN formalism of classical mechanics.
In classical mechanics, time development of state is
i
d
dt
|ψc〉 = Lˆ|ψc〉, (7.39)
where Lˆ is Liouvillian.
Now, we introduce commutative relations of Iˆ and xˆq such as,
[Iˆ , xˆq] = πˆp, (7.40)
[Iˆ , pˆq] = −πˆx, (7.41)
[Iˆ , xˆ] = [Iˆ , pˆ] = [Iˆ , πˆx] = [Iˆ , πˆp] = 0. (7.42)
We obtain
xˆq = xˆ+ ~ˆπˆp (7.43)
pˆq = pˆ+ ~ˆπˆx (7.44)
xˆq = e
−~ˆπˆpπˆx xˆe+~ˆπˆpπˆx (7.45)
pˆq = e
−~ˆπˆpπˆx pˆe+~ˆπˆpπˆx (7.46)
These relation introduce a natural relation of Lˆ and Hˆ , such as
Lˆ = e~ˆπˆpπˆx [Iˆ , Hˆ ]e−~ˆπˆpπˆx , (7.47)
because
e~ˆπˆpπˆx [Iˆ , Hˆ(xˆq, pˆq)]e
−~ˆπˆpπˆx = e~ˆπˆpπˆx
(
∂Hˆ
∂xq
[Iˆ , xˆq] +
∂Hˆ
∂pq
[Iˆ , pˆq]
)
e−~ˆπˆpπˆx
(7.48)
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= e~ˆπˆpπˆx
(
∂Hˆ
∂xq
πˆp −
∂Hˆ
∂pq
πˆx
)
e−~ˆπˆpπˆx (7.49)
=
∂Hˆ(xˆ, pˆ)
∂x
πˆp −
∂Hˆ(xˆ, pˆ)
∂p
πˆx = Lˆ. (7.50)
We may also introduce thermal fluctattion. we may describe thermal fluc-
tuation and quantum fluctuation at once.
Appendix F. Time evolution of the von Neumann
model
Here, we discuss the time dependence of the von Neumann model explicitly
following[28].
V = ǫg(t)xP (7.51)
And If the interaction occurs only at t = t1, g(t) can be approximated as
follows,
g(t) = δ(t− t1). (7.52)
Therefore in quantum theory, using
Vˆ (t) = ǫg(t)xˆPˆ , (7.53)
We obtain the Hamiltonian as
Hˆ = Hˆ + Vˆ (t), (7.54)
and the time evolution as
i~
∂
∂t
|ψ(t)〉 = Hˆ |ψ(t)〉. (7.55)
We set the initial state to
|ψ(0)〉 = |φ〉|η〉. (7.56)
Therefore we describe the time evolution of the state as
|ψ〉I = Uˆ0|ψ(t)〉 ≡ UˆI(t)|ψ(0)〉, (7.57)
UˆI(t) = Uˆ
†
0 (t)Uˆ(t), (7.58)
i~
∂
∂t
UˆI(t) = VˆI(t)UˆI(t), (7.59)
19
VˆI(t) = Uˆ
†
0 (t)Vˆ (t)Uˆ0(t), (7.60)
VˆI(t) = ǫδ(t− t1)xˆ(t)Pˆ (t) (7.61)
in the interaction picture.
At t > t1, Uˆ(t) is
UˆI(t) = e
− i
~
∫
t
0
VˆI (t
′)dt′ = e−
i
~
ǫxˆ(t1)Pˆ (t1) = Uˆ †0 (t1)e
− i
~
ǫxˆPˆ Uˆ0(t1) = UˆI,f . (7.62)
Thus, if we convert this to a Schrodinger picture, we obtain
Uˆf = Uˆ0(t)UˆI,f = Uˆ0(t− t1)e
− i
~
ǫxˆPˆ Uˆ0(t1). (7.63)
We can understand Uˆf that the free motion until t = t1, then the interaction
t = t1 and finally the free motion is performed.
This discussion can be repeated in classical mechanics of KvN formalism.
In this case, the Liouvillian Lˆ is
Lˆ = Lˆ0 + Lˆ1, (7.64)
Lˆ0 =
∂H0
∂pˆ
πˆx −
∂H0
∂xˆ
πˆp +
∂H0
∂Pˆ
πˆX −
∂H0
∂Xˆ
πˆP , (7.65)
Lˆ1 =
∂V
∂pˆ
πˆx −
∂V
∂xˆ
πˆp +
∂V
∂Pˆ
πˆX −
∂V
∂Xˆ
πˆP = ǫδ(t− t1)
(
Pˆ πˆp − πˆX xˆ
)
. (7.66)
By the same argument as quantum mechanics, we obtain
Uˆf = Uˆ0(t)UˆI,f = Uˆ0(t− t1)e
− i
~
ǫ(Pˆ πˆp−πˆX xˆ)Uˆ0(t1). (7.67)
It shows that, like quantum mechanics, we can regard Uf as performing free
motion until t = t1, interacting at t = t1, and after that performing the free
motion.
Acknowledgments
The author thanks Takahiro Tsuchida for reading the paper and inviting him
to the meeting. He is deeply grateful to Tsukasa Yumibayashi for providing
early feedback. He is indebted to Akio Sugamoto and Shiro Komata for reading
this paper and giving useful comments. He sincerely thanks Izumi Tsutsui, Lee
Jaeha, and Yuichiro Mori, Yuki Inoue for useful comments. He thanks Fumio
Hiroshima for pointing out the von Neumann’s uniqueness theorem.
20
References
[1] Bohm, David. "A suggested interpretation of the quantum theory in terms
of" hidden" variables. I." Physical Review 85.2 (1952):166.
[2] Heisenberg, Werner. "Über den anschaulichen Inhalt der quantenthe-
oretischen Kinematik und Mechanik." Original Scientific Papers Wis-
senschaftliche Originalarbeiten. Springer, Berlin, Heidelberg, 1985. 478-
504.
[3] Koopman, Bernard O. Proceedings of the National Academy of Sciences of
the United States of America 17.5 (1931): 315.
[4] J. von Neumann, “Zur Operatorenmethode in der klassischen Mechanik”,
Annals of Mathematics. (2) 33 (1932), no. 3, 587–642 (German). MR
1503078, https://doi.org/10.2307/1968537
[5] Mauro, Danilo. "On Koopman–vonNeumann waves." International Journal
of Modern Physics A 17.09 (2002): 1301-1325.
[6] Gozzi, E., and D. Mauro. "On Koopman–von Neumann waves II." Inter-
national Journal of Modern Physics A 19.09 (2004): 1475-1493.
[7] Aibara Noriaki, Naoaki Fujimoto, So Katagiri, Mayumi Saitou, Akio Sug-
amoto, Takashi Yamamoto, Tsukasa Yumibayashi, and OUJ Tokyo Bunkyo
Field Theory Collaboration. "Gravity analog model of non-equilibrium
thermodynamics." Progress of Theoretical and Experimental Physics 2019,
no. 7 (2019): 073A02.
[8] Mauro, Danilo. "Topics in Koopman-von Neumann theory." arXiv preprint
quant-ph/0301172 (2003).
[9] Sudarshan, E. C. G. "Interaction between classical and quantum systems
and the measurement of quantum observables." Pramana 6.3 (1976): 117-
126.
[10] Eisert, Jens, Martin Wilkens, and Maciej Lewenstein. "Quantum games
and quantum strategies." Physical Review Letters 83.15 (1999): 3077.
[11] Wigner, Eugene. "On the quantum correction for thermodynamic equilib-
rium." Physical review 40.5 (1932): 749.
[12] Husimi, Kodi. "Some formal properties of the density matrix." Proceedings
of the Physico-Mathematical Society of Japan. 3rd Series 22.4 (1940): 264-
314.
[13] Bondar, Denys I., et al. "Operational dynamic modeling transcending
quantum and classical mechanics." Physical Review letters 109.19 (2012):
190403.
21
[14] von Neumann, John. Mathematical foundations of quantum mechanics. No.
2. Princeton university press, 1955.
[15] Born, Max. "Quantenmechanik der Stoßvorgänge." Zeitschrift für Physik
38.11-12 (1926): 803-827.
[16] Everett III, Hugh. "“ Relative state” formulation of quantum mechanics."
Reviews of Modern Physics 29.3 (1957): 454.
[17] Zurek, Wojciech Hubert, and Juan Pablo Paz. "Decoherence, chaos, and
the second law." Physical Review Letters 72.16 (1994): 2508.
[18] Ozawa, Masanao. "Universally valid reformulation of the Heisenberg un-
certainty principle on noise and disturbance in measurement." Physical
Review A 67.4 (2003): 042105.
[19] Kennard, Earle H. "Zur Quantenmechanik einfacher Bewegungstypen."
Zeitschrift für Physik 44.4-5 (1927): 326-352.
[20] Robertson, Howard Percy. "The uncertainty principle." Physical Review
34.1 (1929): 163.
[21] Einstein, Albert. "Zur Elektrodynamik Bewegter körper." Annalen der
Physik 322.10 (1905): 891-921.
[22] Holevo, Alexander Semenovich. "Bounds for the quantity of information
transmitted by a quantum communication channel." Problemy Peredachi
Informatsii 9.3 (1973): 3-11.
[23] Hausladen, Paul, et al. "Classical information capacity of a quantum chan-
nel." Physical Review A 54.3 (1996): 1869.
[24] Holevo, Alexander S. "The capacity of the quantum channel with general
signal states." IEEE Transactions on Information Theory 44.1 (1998): 269-
273.
[25] Schumacher, Benjamin, and Michael D. Westmoreland. "Sending classical
information via noisy quantum channels." Physical Review A 56.1 (1997):
131.
[26] Macchiavello, Chiara, and Massimiliano F. Sacchi. "Efficient accessible
bounds to the classical capacity of quantum channels." Physical review
letters 123.9 (2019): 090503.
[27] Arnol’d, Vladimir Igorevich, and AndrèAvez. "Ergodic problems of classical
mechanics." (1968).
[28] Mello, Pier A. "The von Neumann model of measurement in quantum me-
chanics." AIP Conference Proceedings. Vol. 1575. No. 1. American Institute
of Physics, 2014.
22
